Abstract. Motivated by generalizing Szemerédi's theorem, we the elements in a discrete quantum group fixing a sequence of finite subsets and prove that the set of these elements is a quantum subgroup. Using this we obtain a version of mean ergodic theorem for discrete quantum groups.
Introduction
In [Sze75] , E. Szemerédi proved the following theorem conjectured by P. Erdös and P. Turán [ET36] , which generalizes van der Waerden's theorem [vand27] . Szemerédi's original proof is combinatorial and has merits on its own right [Sze69, Sze75] . A good survey is [Tao07] .
One may ask the following question:
what's the reason behind the fact that a set with positive upper density contains arbitrarily long arithmetic progressions?
In this paper, we prove a generalized Szemerédi's theorem and give a partial answer to this question. It's easy to see that the set Γ Σ of elements in Γ fixing Σ is a subgroup of Γ.
For discrete quantum groups, one can still define the subset fixing a sequence of finite sets. Moreover we can prove that it is a discrete quantum subgroup.
Theorem 1.3. Given a sequence Σ of finite subsets of G Σ for a compact quantum group G, the C * -algebra C * ( G Σ ) is a compact quantum group.
Mean ergodic theorem for amenable discrete quantum group already appears in [Hua16-2].
Using the concept defined above, we prove a mean ergodic theorem in the setting of arbitrary discrete quantum groups.
1 Theorem 1.4.
(i) Suppose T is a limit of { 1 |Fn|w α∈Fn d α π(χ(α))} ∞ n=1 in B(H). Then T P = P T = P where P is the orthogonal projection from H onto H Σ := {x ∈ H| π(χ(α))x = d α x for all α ∈ ∪F n };
(ii) If y in H belongs to Orb(x, G Σ ), then lim n→∞ 1 |F n | w α∈Fn d α π(χ(α))(x − y) = 0.
The article is organized as follows. In section 1, we collect some basic facts about compact quantum groups. In section 2, we prove Theorem 3.6, which uses the concept of the subgroup fixing a sequence of finite subsets in a discrete group. In the remaining sections, we turn to quantum groups. In section 3, we prove Theorem 4.1 which says that in a discrete quantum group, the subset fixing a sequence of finite subsets is a quantum subgroup. Then in section 4, we define the orbit of a vector in a Hilbert space under an action of discrete quantum group and lay down some basic properties. Then we prove a generalized mean ergodic Theorem 4.5.
Preliminaries

Conventions.
Within this paper, we use B(H, K) to denote the space of bounded linear operators from a Hilbert space H to another Hilbert space K, and B(H) stands for B(H, H).
A net {T λ } ⊆ B(H) converges to T ∈ B(H) under strong operator topology (SOT) if T λ x → T x for every x ∈ H, and {T λ } converges to T ∈ B(H) under weak operator topology (WOT) if T λ x, y → T x, y for all x, y ∈ H.
The notation A ⊗ B always means the minimal tensor product of two C * -algebras A and B.
For a state ϕ on a unital C * -algebra A, we use L 2 (A, ϕ) to denote the Hilbert space of GNS representation of A with respect to ϕ. The image of an a ∈ A in L 2 (A, ϕ) is denoted byâ.
In this paper all C * -algebras are assumed to be unital and separable.
Some Facts about Compact Quantum Groups.
In this paper, we consider a discrete quantum group, which can be thought of as the dual of a compact quantum group. Compact quantum groups are noncommutative analogues of compact groups [Wor87, BS93, Wor98] .
Definition 2.1. A compact quantum group is a pair (A, ∆) consisting of a unital C * -algebra A and a unital * -homomorphism
(2) ∆(A)(1 ⊗ A) and ∆(A)(A ⊗ 1) are dense in A ⊗ A.
The * -homomorphism ∆ is called the coproduct of G.
One may think of A as C(G), the C * -algebra of continuous functions on a compact quantum space G with a quantum group structure. In the rest of the paper we write a compact quantum group (A, ∆) as G.
There exists a unique state h on A such that
for all a in A. The state h is called the Haar measure of G. Throughout this paper, we use h to denote it.
For a compact quantum group G, there is a unique dense unital * -subalgebra A of A such that (1) ∆ maps from A to A ⊙ A (algebraic tensor product).
(2) There exists a unique multiplicative linear functional ε : A → C and a linear map κ : A → A such that (ε ⊗ id)∆(a) = (id ⊗ ε)∆(a) = a and m(κ⊗id)∆(a) = m(id ⊗κ)∆(a) = ε(a)1 for all a ∈ A, where m : A ⊙A → A is the multiplication map. The functional ε is called counit and κ the coinverse of C(G).
Note that ε is only densely defined and not necessarily bounded. If ε is bounded and h is faithful (h(a * a) = 0 implies a = 0), then G is called coamenable [BMT01] . Examples of coamenable compact quantum groups include C(G) for a compact group G and C * (Γ) for a discrete amenable group Γ.
We write U 12 and U 13 respectively for the images of U by two maps from For two representations U 1 and U 2 with the carrier Hilbert spaces H 1 and H 2 respectively, the set of intertwiners between U 1 and U 2 , Mor(U 1 , U 2 ), is defined by
Two representations U 1 and U 2 are equivalent if there exists a bijection
Moreover, we have the following well-established facts about representations of compact quantum groups:
(1) Every finite dimensional representation is equivalent to a unitary representation.
(2) Every irreducible representation is finite dimensional.
Let G be the set of equivalence classes of irreducible unitary representations of G. For every γ ∈ G, let U γ ∈ γ be unitary and H γ be its carrier Hilbert space with dimension d γ . After fixing an orthonormal basis of H γ , we can write U γ as 
The matrix U γ is still an irreducible representation (not necessarily unitary) with the carrier Hilbert spaceH γ . It is called the conjugate representation of U γ and the equivalence class of U γ is denoted byγ.
Given two finite dimensional representations α, β of G, fix orthonormal basises for α and β and write α, β as U α , U β in matrix forms respectively. Define the direct sum, denoted by α + β as an equivalence class of unitary representations of dimension d α +d β given by
0 U β , and the tensor product, denoted by αβ, is an equivalence class of unitary representations of dimension d α d β whose matrix form is given by
Note that χ(α) is independent of choices of representatives of α.
for finite dimensional representations α, β.
Every representation of a compact quantum group is a direct sum of irreducible representations. For two finite dimensional representations α and β, denote the number of copies of γ ∈ G in the decomposition of αβ into sum of irreducible representations by N γ α,β . Hence
We have the Frobenius reciprocity law [Wor87, Proposition 3.
Within the paper, we assume that A = C(G) is a separable C * -algebra, which amounts to say, G is countable.
Definition 2.2. [Kye08, Definition 3.2] Given two finite subsets S, F of G, the boundary of F relative to S, denoted by ∂ S (F ), is defined by
We denote ∂ {γ∈ G|γ is contained in α} (F ) by ∂ α (F ) for a finite dimensional representation α.
We say γ in G fixes a sequence Σ = {F n } of finite subsets in G if
The weighted cardinality |F | w of a finite subset F of G is given by
The Case for Groups
Let G be a countable discrete group and Σ = {F n } ∞ n=1 is a sequence of finite subsets of G.
Definition 3.1. We say that an element g in G fixes Σ if
Denote by G Σ the set of elements in G fixed by Σ.
It's routine to check that G Σ is a subgroup of G.
(1) A group G is amenable iff G Σ = G and Σ is a Følner sequence. Via proving his ergodic Szemerédi theorem, Furstenberg gave an ergodic theoretic proof of Szemerédi's theorem. This is Furstenberg correspondence principle which opens a door for applications of ergodic theory to combinatorial number theory. This is also the main ingredient of the paper.
Let (X, B, ν, T ) be a dynamical system consisting of a probability measure space (X, B, ν) and a measure-preserving transformation T : X → X. For any positive integer k, there exists n ∈ Z such that µ( 
Suppose T is a homeomorphism on a compact metrizable space X. A Borel probability measure ν on X is called T -invariant if ν(T −1 A) = ν(A) for every Borel subset A of X and every s in Γ.
It's well-known that ν is T -invariant if and only if ν(T −1 f ) = ν(f ) for every f in C(X). Here C(X) stands for the set of complex-valued continuous functions on X, ν(f ) = X f (y) dν(y) and Let (X, B, ν, T ) be a dynamical system consisting of a probability measure space (X, B, ν) and a measure-preserving transformation T : X → X. For any positive integer k, there exists n ∈ Z such that µ(
Theorem 3.6. Let Σ = {F n } be a sequence of finite subsets in a discrete group Γ and suppose b in Γ fixes Σ from right (left). If a subset Λ of Γ has positive upper density with respect to Σ, then for any positive integer k, there exist n > 0 and a ∈ Γ such that {b jn a}
Proof. We only need to give a proof for the case that b in Γ fixes Σ from right. Let Γ act on {0, 1} Γ by shift, that is, s · x(t) = x(ts) for all s, t in Γ and x in {0, 1} Γ . Define A 0 := {x ∈ {0, 1} Γ |x(e Γ ) = 1} and let ω = 1 Λ be the characteristic function of Λ.
Suppose b in Γ fixes Σ from left.
Then for every positive integer k, one has
Let X = Γ · ω be the closure of the orbit of ω in {0, 1} Γ .
Let A = A 0 ∩ X, which is a closed subset of X.
It follows that
Next we are going to construct a b-invariant Borel probability measure µ on X such that µ(A) > 0. By Theorem 3.5, this will complete the proof. Let δ s·ω be the Dirac measure at the point s · ω for s in Γ, and this is a Borel probability measure on X.
Define µ n = 1 |Fn| t∈Fn δ t·ω . Let µ be a weak- * limit of µ n . Without loss of generality, let µ = lim n→∞ µ n .
Then the following two claims hold.
(1) µ is b-invariant.
(2) µ(A) > 0.
Proof. [Proof of the first claim]
For every continuous function f on X, one has
Hence µ is b-invariant.
Proof. [Proof of the second claim]
Note that lim sup
Since A is a closed subset of X, we have µ(A) ≥ lim sup
Applying Theorem 3.5 to the dynamical system (X, µ, b) gives the proof.
Remark 3.7. A set Λ has positive upper density with respect to Σ iff it has positive density with respect to a subsequence of Σ, hence without loss of generality, we can just assume that Λ has positive density with respect to a sequence. We implicitly use this fact in the proof of Theorem 3.6.
A sequence {F n } ∞ n=1 of finite subsets in a countable discrete group Γ is called a left (right) Følner sequence if
for every s in Γ. A group Γ having a Følner sequence is called amenable.
Remark 3.8. It might happen that except the neutral element, no other element in Γ fixes Σ for a sequence Σ. For instance no integer except 0 fixes Σ = {F n } ∞ n=1
for F n = {2, 4, · · · , 2 n }. So choices of Σ decide the elements fixed by it.
When Γ is amenable, and one can choose Σ to be a left (right) Følner sequence of Γ. Then every b in Γ fixes Σ from right (left).
So Theorem 3.6 gives the following application. Denote the elements in G fixed by a sequence of finite subsets Σ = {F n } ∞ n=1 by G Σ . In this subsection we are going to prove that G Σ is a quantum subgroup of G. This amounts to say that the C * -subalgebra C * ( G Σ ) generated by the matrix entries of all elements in G Σ is a compact quotient group of G, that is, C * ( G Σ ) is a compact quantum group. Theorem 4.1. Given a sequence Σ of finite subsets of G Σ for a compact quantum group G, the C * -algebra C * ( G Σ ) is a compact quantum group.
Proof. We are going to verify the following:
(1) The trivial representation γ 0 is in G Σ .
(2) If γ is in G Σ , then its conjugateγ is also in G Σ .
(3) If γ 1 , γ 2 are in G Σ , then every γ ∈ G contained in γ 1 γ 2 is also in G Σ .
Firstly for every finite subset F of G Σ , the set ∂ γ 0 (F ) is always empty. So γ 0 is in G Σ .
To prove (2) and (3), we need a lemma.
Lemma 4.2. For α, β, γ in G Σ , we have
Proof. Note that
Furthermore by Frobenius reciprocity law, we have N β α,γ = N α β,γ . Hence
We prove (2) via proving that lim
We can define a map ϕ from ∂γ(F n ) to ∂ γ (F n ) by the following: (2) follows immediately. Now we proceed to the proof of (3).
Suppose γ 1 and γ 2 are in G Σ . We are going to prove that
By definition
for all α, β in G.
As before if α is not in F n with N β α,γ 1 γ 2 > 0 for some β ∈ F n , then there exists
Give a sequence Σ = {F n } of finite subsets in G, we say a subset Λ of G has positive upper density with respect to Σ if lim sup
For α, β ∈ G, we say a subset Λ of G contains α j β if every γ contained in α j β is also in Λ.
Motivated by Theorem 3.6, we give the following conjecture.
Conjecture 4.1. Suppose a subset Λ of G has positive upper density with respect to Σ. Then for every k > 0, there exists α in G Σ , β ∈ G and n > 0 such that Λ contains α jn β for all 0 ≤ j ≤ k − 1.
Discrete Quantum Group Orbits and a Mean Ergodic Theorem for Discrete Quantum Groups.
Given a compact quantum group G, the dual G is a discrete quantum group. Conversely for a discrete quantum group Γ, there is a compact quantum group G such that Γ = G. With this in mind, when we talk about a discrete quantum group, we mean the dual of a compact quantum group [PW90, vanD96, MvD98, KV99, KV00, SW07] .
Consider an action of a discrete quantum group G on a Hilbert space H, that is, a representation π of C(G) on H. We come up a definition of discrete quantum orbits in a Hilbert space. Various definitions of compact quantum group orbits already appear in [Sai09, Hua16-1, DKSS16].
Definition 4.3. For x in H, we define the orbit of x as
and denote it by Orb(x, G).
The following are true. (1) x ∈ Orb(x, G);
Proof.
(1) and (2) are immediate from the definition of orbit.
Note that
x) for every α in G. Here γ 0 = 1 stands for the trivial representation of G. This proves (3).
We say a vector x in H is fixed by Σ (a sequence of finite subsets in G) if
It's easy to see that the set of vectors fixed by Σ is a subspace of H. Denote it by H Σ .
In this subsection we prove a mean ergodic theorem for discrete quantum groups, which is a generalization of the mean ergodic theorem for amenable discrete quantum groups [Hua16-2].
Let Σ = {F n } be a sequence of finite subsets in G. Theorem 4.5.
in B(H). Then T P = P T = P where P is the orthogonal projection from H onto H Σ := {x ∈ H| π(χ(α))x = d α x for all α ∈ ∪F n };
Proof. (i) For every x in H Σ and every n, we have
Hence T P = P . Next we prove that T * P = P and this will finish the proof.
We need a lemma.
Proof. Without loss of generality, we may assume that x is a unit vector in H. Remark 4.7. Theorem 4.5(ii) says that if x and y are in the same orbit of G Σ , then averages of x and y along Σ coincide.
